Abstract. Clifford indices for semistable vector bundles on a smooth projective curve of genus at least 4 were defined in previous papers of the authors. In the present paper, we establish lower bounds for the Clifford indices for rank 3 bundles. As a consequence we show that, on smooth plane curves of degree at least 10, there exist non-generated bundles of rank 3 computing one of the Clifford indices.
Introduction
Let C be a smooth projective curve of genus g ≥ 4 defined over an algebraically closed field of characteristic zero. In [4] , we generalised the classical Clifford index γ 1 of C to semistable bundles in the following way. First we define, for any vector bundle E of rank n and degree d,
where µ(E) = E semistable of rank n h 0 (E) ≥ 2n, µ(E) ≤ g − 1 .
We say that a bundle E contributes to γ n if it is semistable of rank n with µ(E) ≤ g − 1 and h 0 (E) ≥ n + 1 and that E computes γ n if in addition γ(E) = γ n . Similar definitions are made for γ ′ n . In [4] we obtained a number of results for the Clifford indices, including a useful lower bound for γ ′ 2 and a formula for γ 2 . In a second paper [5] we showed that, under certain conditions, any bundle computing γ n or γ ′ n is generated (a feature assumed in some earlier definitions of E. Ballico [1] ). These conditions hold when n = 2 but could fail for n ≥ 3; however, for n = 3, we were able to show that bundles computing either index are generically generated.
Our main object in this paper is to obtain a useful lower bound for γ ′ 3 ; this is almost certainly not best possible, but it does enable us to find a lower bound for γ 3 and in some cases to compute γ 3 . To state our results, we recall that the gonality sequence
Our main theorem is
(For γ 1 ≤ 2, we know the precise values of all the Clifford indices (see Remark 4.2).) As a consequence of this theorem, we obtain a lower bound for γ 3 when
and precise values for γ 3 for general curves of genus g ≥ 7 (Proposition 4.5), for plane curves of degree δ ≥ 10 (Proposition 4.6) and for curves of Clifford dimension at least 3 (see Proposition 4.9).
The proof of the theorem involves two different methods for obtaining a lower bound for γ ′ 3 . The first method (in section 2) is similar to arguments in [4] and involves considering the dimension of h 0 (F ) for suitably chosen subbundles F of E; this works well for d ≤ 2g + 3. The second method (in section 3) involves taking a proper subbundle F of maximal slope and estimating the Clifford indices of F and E/F ; this works best when d ≥ 2g + 4. The combination of the methods gives the theorem.
Throughout the paper (except in Remark 4.2), C will denote a smooth projective curve of genus g and Clifford index γ 1 ≥ 3 (hence also g ≥ 7) defined over an algebraically closed field of characteristic zero. For a vector bundle G on C, the rank and degree of G will be denoted by r G and d G respectively. We shall make use of the following facts about the gonality sequence: Lemma of Paranjape-Ramanan. Let E be a vector bundle on C of rank n ≥ 2 with h 
Proof. By the Lemma of Paranjape-Ramanan, d ≥ d 3s ≥ d 9 + 3s − 9. This gives
There are 3 possibilities:
since v ≥ 3 and t + v ≥ s, and hence
, which is equivalent to
and hence, using
This gives
we obtain the same inequality just by interchanging u and v − u in the above argument.
If
Hence, using γ(
which gives
and hence, since
Lemma 2.3. If E has a subbundle F of rank 2 with h 0 (F ) ≥ 3 and no line subbundle with h 0 ≥ 2, then
Proof. Write h 0 (F ) = 2 + t, t ≥ 1. Since E is generically generated, we have h 0 (F ) ≤ 2 + s. So
The quotient E/F is a line bundle and h 0 (E/F ) = 1 + u with u ≥ s −t. The Lemma of Paranjape-Ramanan applied to F gives
. This implies u ≥ 1 and hence
This implies, using γ(
Hence, using d ≤ 3g − 3,
This gives
and we get as above,
Combining (2.2), (2.3) and (2.4) we get the result.
Proof. This is a consequence of Lemmas 2.1, 2.2 amd 2.3.
3.
Lower bound for γ ′ 3 , second method Let E be a bundle of degree d computing γ ′ 3 . Then d ≤ 3g − 3 and h 0 (E) = 3 + s for some s ≥ 3. Let F be a proper subbundle of E of maximal slope. By [6] we have
. So altogether we get
If h 0 (F ) ≥ 2, then F contributes to γ 1 and
If h 0 (F ) ≤ 1, then by definition of γ and (3.2) we get
If E/F is not semistable, it has a line subbundle L of degree > d 3 . Pulling back L to E, we obtain a rank-2 subbundle of E with slope > d F contradicting the maximality of µ(F ). So E/F is semistable.
Suppose
If d E/F > 2g − 2, apply the same argument to (E/F )
Here we use the inequality γ 1 ≤ g−1 2
. Since γ 1 ≥ γ ′ 2 and γ(E/F ) is a half-integer for γ 1 = 3, this implies (3.5).
We have proved that, if
So, combining these results with (3.3) and (3.4) and noting that, if h 0 (F ) < 2, then h 0 (E/F ) ≥ 4, we get the result. , we get (3.7) 2d − 2g 3 ≤ d F ≤ 2d 3 and
Proof. We have formulae for both γ 2 and γ 3 ; a straightforward computation shows that γ 3 > γ 2 . The existence statement follows from [5, Proposition 3.5 and Remark 3.6].
Finally we consider curves of Clifford dimension at least 3.
Proposition 4.9. Let C be a curve for which neither d 1 nor d 2 computes γ 1 . Then
